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Abstract
Diapycnal (irreversible) mixing is analyzed using thirty direct numerical simulations (at 
10243 resolution) of homogeneous rotating stratified turbulence (RST) in the absence of 
imposed shear or forcing. The influence of varied rotation and stratification rates on the 
energetics (in particular the dissipation rates of kinetic and potential energies) is presented. 
Data is also analyzed within a new parametric framework, using the turbulent Froude and 
Rossby numbers Frt = !∕Nk , Rot = !∕fk , where k is the turbulent kinetic energy, ! its rate 
of dissipation, N the buoyancy frequency and f the Coriolis parameter. This framework is 
used to illustrate relative magnitudes of the stratification and rotation in geophysical flows 
and provide a useful tool for explicating the relationship between Frt and Rot as relevant 
dynamic parameters in the geophysical setting. Results indicate that unforced rotation does 
not impact the magnitude of the irreversible mixing coefficient ( Γ = !P∕! ) when compared 
to results without rotation, where !P is the rate of potential energy dissipation. Moreover, 
it is shown that the recent scaling laws for mixing efficiency in stably stratified turbulence 
in the absence of rotation, as exemplified in Garanaik & Venayagamoorthy (J. Fluid Mech. 
867, 2019, pp. 323-333), are applicable as well for homogeneous and decaying RST. 
Results also highlight the ambiguity of the ratio N/f as a control parameter for the classifi-
cation of small-scale RST, and thus for evaluating diapycnal mixing.
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1 Introduction

The amount of energy available for mixing at small scales has many important implications 
for oceanic and atmospheric flows. Mixing in geophysical flows helps maintain the meridional 
overturning circulation and enters the estimations of the small-scale fluxes that are used in 
mass budgets, heat budgets and the mixing of nutrients [39]. Parameterizations of the eddy 
diffusivities of momentum ( !t ) and of the scalar density ( !

"t ) are commonly used in large scale 
models, but models can be sensitive to the accuracy of the parameterization [14]. In order to 
be as accurate as possible these model parameterizations must account for all significant fac-
tors that influence mixing.

Density stratification is necessary for the existence of internal waves in the Earth’s 
ocean and atmosphere, but the degree of stratification has a direct impact on the amount 
of diapycnal mixing [1]. A large body of work has analyzed turbulence and mixing in the 
presence of stratification (e.g. see [7, 16, 20, 21, 23, 26, 27, 29, 51, 52] and references 
therein). Another important factor in the analysis of geophysical flows is the impact of 
planetary rotation. It is less clear what impact rotation has on small scale turbulent mixing, 
especially in a role that is coupled with stratification [49]. The inclusion of rotation has 
led to increased study of inertia–gravity waves and what is classified as rotating stratified 
turbulence (RST)[9, 34, 35, 46, 55, 56]. For example, it was shown in Lindborg [28] that 
the direct energy cascade prevails for sufficiently weak rotation, estimated to manifest for 
Rossby numbers larger than Ro ≈ 0.1 . However, an important question that has not been 
answered clearly is whether or not the inclusion of rotation will impact the existing param-
eterizations for the irreversible mixing efficiency in unforced stably stratified flows that 
mostly do not account for the rotation.

Direct numerical simulations (DNS) have been an important avenue for understanding 
stratified turbulence both with and without the influence of rotation [5, 6, 8, 23, 30, 32, 33, 
46, 47, 50, 53, 55, 56, 62]. Recent work using DNS has led to both some insights into and 
actual parameterizations of small-scale mixing [15, 29, 31, 37, 46, 47] by trying to answer 
questions about turbulent mixing in geophysical flows and demonstrating how DNS can 
be utilized in the broader study of geophysical flows. Some analysis of DNS of RST assert 
that there is an observable effect of rotation on the magnitude of potential energy available 
for mixing [46, 47]. Analysis of RST DNS has also shown that rotation and stratification 
are complementary in determining the relative strength of the direct and inverse energy 
cascades in the presence of forcing, when a dual energy cascade is detected [34, 48]. Here, 
we use decaying DNS simulations with rotation and stratification to help gain insight into 
irreversible (diapycnal) mixing and whether its inclusion in larger scale parameterizations 
of such mixing in stably stratified geophysical flows is needed for robust models.

Information and insights derived from numerical simulations is most useful when ana-
lyzed with thought to the complexity of laboratory and field observations. Applicability 
of any theoretical or numerical analysis is limited when it cannot be tested realistically or 
measured in a physical setting. However, making direct measurements of turbulent mixing 
in the field (in particular) is limited due to instrumentation capability and complications 
from internal wave motions that contaminate flux measurements [16, 60]. In oceanography, 
this has necessitated the use of indirect techniques to infer momentum and heat fluxes. The 
diapycnal diffusivity in an homogeneous and stationary flow is commonly defined in recent 
literature as:
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where Γ is an irreversible mixing coefficient, !P is the rate of potential energy dissipation, 
! is the rate of kinetic energy dissipation and N =

√
(−g∕!0)(d⟨!⟩∕dz) is the buoyancy 

frequency with ⟨!⟩ denoting the  horizontal average layer  density. It is worth noting that 
the definition for !

"t given in Eq. 1 is consistent with the original definition provided by 
Osborn (1980) where !

"t was defined in terms of the flux Richardson number Rf  since 
Γ = Rf∕(1 − Rf ) [60]. All of the parameters in Eq. 1 are quantities that are readily available 
from a DNS. Determination of N and ! in the field requires simplifying assumptions such 
as local isotropy and choices on how the background density stratification is computed [4, 
14], but it can generally be assumed that both N and ! are measurable in the physical set-
ting. Γ is very commonly assumed to have a constant canonical value of 0.2, the upper 
limit proposed by [42]. The assumed constancy has been reviewed and challenged repeat-
edly [16]. Based on arguments in [60] the definition of the irreversible mixing coefficient 
Γ will be used exclusively herein. In addition, [60] highlight and discuss the importance of 
distinguishing between reversible processes (e.g. the inverse cascade before it reaches the 
size of the system when large-scale coherent structures will destabilize [40, 41]), and irre-
versible downscale processes (e.g. turbulent dissipation; [18, see e.g.]).

Parameterizations for the mixing efficiency in geophysical flows are commonly based 
on one of three fundamental dimensionless parameters: the Richardson number Ri [60]; 
the buoyancy Reynolds number ReB [57, 58]; and the turbulent Froude number Frt [15, 31]. 
Rotational effects have not been included explicitly in the majority of mixing parameteriza-
tions of geophysical flows, presumably because rotational effects have been thought to not 
have a significant influence on dissipative processes. The ratio of the buoyancy frequency 
N to the Coriolis rotational frequency f has been a parameter of discussion related to types 
of expected turbulent mixing behavior, where the relative importance of this ratio on geo-
strophic lateral mixing has been discussed by various researchers in RST [24, 27, 46, 49, 
62]. N/f has been thought to dictate the behavior of flow development, as for example the 
orientation of shear layers, but neither the turbulent Rossby number nor N/f control the 
amount of kinetic and potential energy dissipation in stably stratified flows (see [43] for a 
model, based on Reynolds averaging, of the possible influence of rotation on dissipation).

The limited effects of rotation on turbulent mixing in stably stratified flows have also 
been noted (e.g. see [13, 21] in the context of a modification to the Mellor-Yamada model), 
where effects of rotation impact regimes with convective or unstable flow dynamics. Estab-
lishing a clear picture of whether irreversible mixing is impacted by rotation in stably strat-
ified geophysical flows, drives the present study. In what follows, a theoretical discussion 
on the key non-dimensional numbers is presented in section 2. Details of the numerical 
simulations and data are given in section 3 followed by the results in section 4 and conclu-
sions in section 5, respectively.

2  Theoretical analysis

The amount of irreversible mixing in turbulent flows is a result of the dissipation of tur-
bulent kinetic energy. The diapycnal (irreversible) mixing coefficient Γ , see Eq. 1, is an 
instantaneous measure of how much of the turbulent kinetic energy is converted to back-
ground potential energy through dissipation (e.g. see [10, 15, 20, 44, 63] for detailed 
discussion on the importance of Γ in stably stratified geophysical flows). The buoyancy 

(1)!
"t = Γ

#

N2
, Γ = #P∕#
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Reynolds number ReB (also referred to as the Gibson number) is one of the most com-
monly used parameters for evaluating turbulent mixing since it can be calculated from field 
measurements (under certain assumptions such as isotropy at small scales) made in the 
atmosphere or ocean. In this context ReB is commonly defined as

where ! is the kinematic viscosity. However, despite its popularity, it has been noted that 
ReB may be a useful but insufficient single parameter to characterize mixing [16, 36]. Defi-
nitional ambiguity comes from the possibility to achieve the same value for the buoyancy 
Reynolds through various combinations of its constituent parameters [37]. Note that the 
diapycnal diffusivity can be recast as a function of ReB in non-dimensional form as

Eq. 3 implies that ReB needs to be sufficiently large for smaller-scale turbulence to exist 
[52]. It also shows how using ReB to parameterize Γ might be ill-posed given that both of 
these quantities together define the diapycnal diffusivity. Given that the molecular diffu-
sivities of scalars (salt and temperature) can vary by several orders of magnitude, it might 
be more appropriate to use a different dimensionless parameter for analyzing the degree of 
turbulent mixing of scalars as follows:

where ! is the molecular diffusivity of a scalar in a given fluid, and Pr is the molecular 
Prandtl (or Schmidt) number. Note that since Pr = 1 for all the simulations analyzed in this 
paper, the computation of parameters can be completed using either ! or ! . Values for this 
diffusivity ratio parameter "̂ are readily computable from the DNS results, but harder to 
obtain in the field, and illustrate the degree of separation between the molecular and turbu-
lent scales.

The turbulent Froude number gives a ratio of buoyancy effects to turbulent effects in term 
of a ratio of timescales:

where k is the turbulent kinetic energy and TL is the turbulence time scale ( TL = k∕! ). 
Although there are a variety of ways to calculate the turbulent Froude number (see [2]), Frt 
as defined above may be the dimensionless parameter best suited to parameterize mixing in 
stratified turbulence [7, 20, 29, 58].

Difficulty in computing this number from measured quantities has limited its applica-
tion in the field setting, but it has seen widespread use in numerical simulation analysis 
[30, 46]. Recent work has shown a link between the mixing efficiency and Frt [12, 15, 46]. 
The work by [15] is specifically designed to show how the link between Γ and Frt can be 
used by researchers analyzing data measured in the field. The degree of stratification and 
of turbulence are both contained in the definition of the turbulent Froude number and rep-
resent the two processes having the greatest influence on the evolution of the flow [29, 30]. 
In particular, the definition of the turbulent time scale TL = k∕! is contained within this 
parameter, TL being a measure of the decay time of turbulent kinetic energy [61]. In this 

(2)ReB =
!

"N2
,

(3)
!
"t

#

= ΓReB.

(4)"̂ =
"
#t

"

=
$P

N2
"

= ΓReBPr.

(5)Frt =
!

Nk
≡

1

NTL
,
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light, Frt can also be viewed as assessing the competition between the buoyancy time scale 
∼ N−1 and the effective turbulent time scale TL.

Analogous to the turbulent Froude number, the turbulent Rossby number defines the 
relative strength of rotational to turbulent effects, again, also in terms of time-scales:

Using Frt and Rot as the two key parameters for the presentation of simulation results 
allows for evaluation of the relative impact of varied levels of stratification and rotation on 
the behavior of irreversible mixing in simulated geophysical flows. In Klymak et al [22], as 
well as in van Haren [17], one finds examples of geophysical flows with strong local inter-
mittency where a lot of dissipation occurs amidst a quiet wave-dominated fluid (respec-
tively Hawaii, and Puerto-Rico ridge), both relevant to the current work. We will initially 
present analysis using ReB (Eq.  2), the common diagnostic parameter in stratified flow 
analysis. The analysis will be extended to use of "̂ (Eq. 4) as the key diagnostic parameter 
to both evaluate and ensure that small-scale irreversible mixing does indeed exist in the 
analysis of DNS data, as it gives a direct measure of the separation between the molecular 
and turbulent scales. If the molecular diffusivity, ! , in a simulation is of greater or equal 
magnitude to the diapycnal diffusivity, !

"t , no physically realistic irreversible mixing is 
occurring.

3  Simulations and data

Direct numerical simulations of the Navier–Stokes equations with the Boussinesq approxi-
mation and with rotation, Eqs. 7 and 8, were made using the Geophysical High-Order Suite 
for Turbulence (GHOST) code (see [38] for details). GHOST is a pseudo-spectral compu-
tational fluid framework that is parallelized using a hybrid MPI/OpenMP/CUDA scheme 
and has demonstrated excellent scalability and performance to over 130,000 computational 
nodes [54].

All simulations were made using nP = 10243 grid points in a triply periodic box (see 
Table 1). How well a simulation is resolved is classically determined by the ratio of the 
dissipative scale ! to the smallest resolved scale kmax = n

1∕3

P
∕3 , assuming a quadratic non-

linearity and with 1 ≲ "kmax [45]. A classical turbulent (Kolmogorov) spectrum yields 
! = ["∕#3]−1∕4 by assuming equality between the linear dissipation time and the eddy turn-
over time at scale ! . This expression is used here even when no fully developed turbu-
lent spectrum has been obtained due to the presence of strong waves at low Froude num-
ber (see e.g. Legaspi and Waite [25], de Bruyn Kops [23], Maffioli and Davidson [30], 
Rosenberg et al [54], Kurien and Smith [24], Marino et al [33] for spectral studies of strati-
fied flows with and without rotation). Note that the six runs (20% of the data set) that are 
least resolved, in the sense that !kmax is quite close to unity (from above), have the lowest 
ReB , making these runs in the range of flows dominated by waves (at the edge of regime 
I of Pouquet et al [46]). This result is a priori surprising since these low ReB flows are 

(6)Rot =
!

fk
=

1

fTL
.

(7)!t! − "Δ! + N#ẑ + ∇p − f! × ẑ = −! ⋅ ∇!

(8)!t" − #Δ" − Nw = −! ⋅ ∇"
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ostensibly less turbulent and should therefore require lower resolution than the higher ReB 
runs. This seeming contradiction can be understood by recalling that strong large-scale 
intermittency results at the onset of the regime of eddy-wave competition [12], leading to a 
need for increased numerical resolution.

Simulations 1-10 in Table  1 all have velocity initialized at large scales with Taylor-
Green vortices (TG hereafter), with !TG =[sin(x)cos(y)cos(z)êx , −cos(x)sin(y)cos(z)êy , 0êz ]; 
this flow has been utilized as well in other studies of stratified flows [19, 50, 59]. Initializa-
tion with Taylor-Green vortices primes the development of strong internal shear layers and 
of rotational flow structures within a simulation, rather than having rotational structures 
forced to develop from random initial conditions. These structures were allowed to evolve 
naturally in the absence of forcing. The impact of rotation on the irreversible mixing coef-
ficient should be most apparent in these ten simulations if it is influencing scalings via Frt 
and Rot.

Simulations 11-30 are initialized with randomized phases in Fourier space. These 
twenty simulations are a subset of the randomly initialized runs previously presented and 
analyzed in Pouquet et al [46], Rosenberg et al [55]. There are no initial scalar fluctuations 
with either initialization. This setup allows for the buoyancy fluctuations to develop from 
the internal dynamics of the Boussinesq equations [55]. Inputs to all simulations were var-
ied by specification of the buoyancy frequency N, Coriolis rotation f, kinematic viscosity 
! , molecular diffusivity ! (always maintaining a Prandtl number, Pr = !∕" , equal to 1) and 
the evolutionary time step. No mean shear or other forcing was imposed in the simulations; 

Fig. 1  The first row (panels a-c) shows vertical plane visualizations of three simulations using the scalar 
field in the center ( y = ! ) near the peak of dissipation. All three simulations have the same rotational fre-
quency ( f = 0.04 ) but the stratification increases from left to right, N = 0.2 , N = 1.6 and N = 5.5 (run 14, 
18 and 22 respectively, see Table 1). The corresponding turbulent Froude numbers vary altogether by two 
orders of magnitude. The red-to-blue colors represent the continual change from lighter to heavier fluid. 
The second row (panels d -f) depicts a horizontal plane ( z = ! ) visualization of the same field in the center 
of the box for the same runs
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hence, the energy decays over the course of a simulation. Thus, a total of thirty DNS runs 
using the GHOST code are presented and evaluated to study the effect of rotation on irre-
versible mixing. Table 1 gives the details of all simulations in this analysis.

Figure  1 shows two-dimensional snapshots of 3 different simulations at or near the 
peak of dissipation rate of turbulent kinetic energy in the vertical plane at the center 
( y = ! ) of the periodic box (panels a–c), or in the horizontal plane ( z = ! , panels d–f). 

Table 1  Details of the 30 simulations, where the turbulent Froude, turbulent Rossby and buoyancy Reyn-
olds numbers are calculated at the peak of the dissipation rate of total turbulent energy.

The initial Reynolds number is given by Re0 = U0L0∕! with the initial characteristic length and velocity 
scales L0 = 1 and U0 = 1 respectively, hence ! ≡ 1∕Re0 . Superscript [1] in the first column denotes a data 
subset also analyzed in [46] (with identification ID). Note that Frt can be computed directly from Rot and 
N/f. Finally, !kmax is a measure of how well a simulation has been resolved [45]. See discussion in text

Run N(s−1) f (s−1) N/f Frt Rot ReB Re0 !kmax JFM ID

1 0.7 0.13 5 0.78 3.87 791 2222 1.34 –
2 5.0 1.00 5 0.06 0.31 10 3333 1.17 –
3 2.7 0.38 7 0.13 0.91 59 4000 1.22 –
4 0.4 0.02 20 1.54 30.75 12740 10000 1.31 –
5 0.5 0.40 1.25 1.22 1.53 5004 6667 1.32 –
6 1.0 0.80 1.25 0.49 0.62 894 5714 1.31 –
7 2.0 1.60 1.25 0.20 0.25 254 8000 1.24 –
8 1.0 1.00 1 0.50 0.50 1057 6667 1.25 –
9 1.0 0.40 2.5 0.60 1.50 1279 6667 1.26 –
10 2.5 0.25 10 0.27 2.56 263 8000 1.24 –
111 1.0 0.01 106 0.28 30.03 110 1818 1.29 JFM54
121 1.9 0.01 199 0.11 22.39 27 1818 1.28 JFM37
131 0.1 0.04 2.5 4.25 10.62 48886 3704 1.37 JFM61
141 0.2 0.04 5 2.035 10.18 10851 3704 1.36 JFM60
151 0.4 0.04 10 1.034 10.34 4035 6494 1.34 JFM59
161 0.8 0.04 20 0.473 9.46 893 6494 1.33 JFM56
171 1.2 0.04 30 0.29 8.56 384 6667 1.33 JFM53
181 1.6 0.04 40 0.18 7.11 194 6667 1.30 JFM51
191 2.0 0.04 50 0.13 6.30 110 6667 1.25 JFM49
201 2.4 0.04 60 0.09 5.36 69 6667 1.24 JFM46
211 3.8 0.04 94 0.04 3.43 20 6667 1.18 JFM39
221 5.5 0.04 138 0.02 2.11 6 6667 1.11 JFM31
231 3.8 0.05 69 0.04 2.57 30 10000 1.20 JFM41
241 2.0 0.04 25 0.13 3.13 109 6667 1.30 JFM48
251 4.0 0.08 50 0.03 1.60 16 6667 1.14 JFM35
261 0.7 0.27 2.6 0.53 1.33 817 4762 1.33 JFM57
271 1.3 0.54 2.5 0.24 0.58 200 4762 1.26 JFM52
281 2.7 0.54 4.9 0.07 0.33 34 4762 1.25 JFM43
291 3.8 0.75 5.0 0.03 0.16 17 4762 1.19 JFM33
301 2.7 1.07 2.5 0.06 0.14 29 4762 1.27 JFM42
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The snapshots of the vertical cross-sections show the instabilities of the flow using the 
scalar field for runs 14, 18 and 22. The simulations in panels a–f have the same imposed 
rotation ( f = 0.04 ) but the stratification increases from left to right. It is clear from these 
visualizations that turbulent eddies decrease in intensity with increasing stratification. 
Note that the Reynolds numbers of these runs vary by at most a factor of 2, whereas ReB 
varies by roughly three orders of magnitude: Neither Re nor ReB is as good a predictor of 
the behavior of these flows as "̂ , a point that will be examined in more detail in the fol-
lowing section emphasizing the importance of the (turbulent) Froude number.

4  Results

4.1  Energy and dissipation

Influences of rotation are commonly visible in geophysical flows at the energy contain-
ing scales. Examples of the evolution of simulation volume integrated kinetic energy and 
dissipation rate are given in Fig 2 (see [55] for description and calculations of all quanti-
ties). Fig 2a shows the evolution of kinetic energy of run 14 (dashed lines), run 18 (dash-
dot lines) and run 22 (dotted lines), respectively. Fig 2c, e show the evolution of potential 
energy and the kinetic energy dissipation rate, respectively for the same three runs pre-
sented in Fig 2a. Dissipation rates for these simulations were calculated using simulation 
enstrophy (see [38, 46, 55] for details on the calculations of all diagnostics). These are the 
same simulations visualized in rows one and two of Fig 1. As the stratification increases 
there is a visible increase in the oscillatory transfer of energy between the kinetic (green) 

Fig. 2  Temporal evolution of volume-integrated kinetic energy k (green), potential energy !P (blue), and 
kinetic energy dissipation rate ! (magenta) for runs at a constant rotation f = 0.04 (1st column, panels a, 
c and e) and at approximately constant stratification, N = 3.8 − 4.0 (2nd column, panels b, d and f, see 
Table 1)



Environmental Fluid Mechanics 

1 3

and potential (blue) modes ( !P = ⟨!2∕2⟩ ). It is also clear that increases in stratification low-
ers the turbulent dissipation rate (magenta). Figure 2b, Figure 2d, f show the same quanti-
tative evolutions but for simulations runs 21, 25 and 29 where the buoyancy frequency of 
the simulations are similar ( N = 3.8 − 4.0 ) between the runs and the value for f is varied. 
Unlike variations of N, variations of f do not significantly influence the behavior of energy 
or dissipation rate in the simulations. These results are consistent with the results of simu-
lation runs 9, 6 and 8 (not shown here) where N = 1 in all three simulations but rotation of 
the runs is f = 0.4 , f = 0.8 and f = 1 respectively. It is apparent from these simple diag-
nostics that f does not appear to have a noticeable influence on the energetics (especially 
on the dissipation rates) in unforced stably stratified flows. Clearly the rotational param-
eter is an order of magnitude, or less, than the buoyancy parameter for the runs in Fig 2b. 
This likely limits the influence of f as compared to N on the flow. The relative magnitudes 
of these parameters in the simulations was chosen in order to maintain their relevance to 
N/f values seen in geophysical flows and will be explained in more detail in the following 
section.

4.2  Parametric space

Figure 3 plots a portion of time series data from all 30 of the runs analyzed in this study 
as discrete values. Data plotted for each run shows parameter values at 12 different times 
starting at the time of the peak of the dissipation rate. These 12 data points are equally 
time-spaced values over this interval with the intermediate between each point simply 
removed for visualization. These sub-sets of the data are presented in a Frt-Rot parametric 
framework. The runs can be easily distinguished. They all evolve from a higher to a lower 
value of ReB , because of self-similar energy dissipation (see [53] for the purely stratified 
case). Within this framework the temporal evolution of any given simulation, as expected, 

Fig. 3  Time series plots of the runs in a parametric framework using Frt and Rot . Data is colored by ReB 
(a) and by the diffusivity ratio "̂ (b), see Eqs. 2 and 4, respectively. Note that Pr = 1 for all simulations 
and "̂ = "

#t∕" = ΓReBPr . The use of "̂ eliminates the ambiguity associated with referring simply to ReB ; it 
gives a clear depiction of molecular and turbulent scale separation and should be used for evaluating DNS 
data, ensuring physically realistic flows
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follows the lines of constant N/f. Also, the magnitudes of Frt and Rot evolve over the course 
of the simulations due to turbulent dissipation. As the magnitudes of Rot and Frt decrease, 
the increase in stratification will limit the amount of turbulence and mixing, especially ver-
tically (see Fig. 1).

Work presented by Mater and Venayagamoorthy [37] uses a multiple parameter frame-
work to evaluate the dominant flow regimes in stratified shear flows by comparing buoy-
ancy and shear strength parameters. This new parametric framework uses the same idea, 
defining now dominant flow regimes that include rotation but with an absence of imposed 
shear (and of forcing). Thus, in a framework comparing Rot against Frt Fig. 3 clearly shows 
how the relative magnitudes of rotation and stratification are coupled in the geophysical 
context along lines of constant N/f. All flows in this parametric space evolve, as noted 
above, where values of N∕f ∼ 100 are commonly seen in the atmosphere and N∕f ≲ 10 is 
appropriate for the oceanic setting.

The parametric space is divided into four different regions using O(1) magnitudes of Frt 
and Rot as delineations and the nomenclature of [3] for classification. These delineations 
simply denote the relative strength/magnitude of N as compared to f and are not necessar-
ily based on a priori changes in the flow physics. It can certainly be observed that some 
simulations evolve dynamically from one region to another. In region 1, the magnitudes 
of the rotation and stratification are small and of comparable magnitude, so this quadrant 
of the graph is denoted by rs. While there is an influence of stratification and rotation in 
this region, the flow behavior likely approximates the behavior of classical turbulence 
since their effects are negligible (i.e. high Frt and high Rot ). In region 2, the stratification 
is approximately an order of magnitude greater than the rotation and is denoted rS (low Frt , 
high Rot ). Rotation and stratification are both significant and have similar magnitudes in 
region 3, RS. Region 4 denotes an area in the parametric framework where the rotation is at 
least an order of magnitude greater than the stratification, Rs.

The majority of geophysical flows are classified as falling along one of the N/f lines 
denoted before, therefore none of the simulations fall into region 4 where N∕f < 1 . Flows 
that fall into this classification region may be relevant in astrophysics, for example for stars 
that are rotating rapidly, but are not seen except in specific isolated cases in the geophysi-
cal setting. The magnitude of rotation in all simulations here ( Rot ≥ 0.1 ) is such that such 
flows would be considered weakly rotating except in certain specific contexts (i.e. [11]). 
Increasing the amount of rotation to reach an order of magnitude where Rot ≤ 0.01 and 
maintaining N/f relevant to the geophysical setting would also necessitate an increase in N, 
which would lead to simulations with too high a stratification to generate turbulence with-
out a significant increase in the Reynolds number of a simulation, which is computationally 
costly.

Data in Fig. 3a is colored by the buoyancy Reynolds number in order to illustrate one of 
the common measures of turbulent mixing. In the plots, values for the buoyancy Reynolds 
number are limited to O(1) or greater, which eliminates inclusion of viscosity-affected (low 
Reynolds number) flows. From these results, it can be easily seen that the ratio of N/f is not 
a useful diagnostic tool for explicitly determining levels of turbulent mixing. ReB values 
vary by up to three orders of magnitude on multiple N/f lines. Additionally, the turbulent 
Froude number can also be observed to take almost any value in the rS and RS regimes for 
any given N/f. These observations point to the fact that while both N and f influence the 
flow, it is clear that their ratio does not provide a diagnostic signature for the levels of irre-
versible mixing in RST in the absence of forcing.

Figure 3b gives the same data as in Fig. 3a, but colored now by the diffusivity ratio "̂ 
whose values are also constrained to O(1) or greater in order to exclude data dominated 
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by molecular mixing effects. "̂ is a useful parameter as it gives a measure of the separa-
tion between the molecular and turbulent scales that eliminates the definitional ambiguity 
that arises from use of ReB which combines turbulent dissipation and stratification in one 
sole parameter. DNS results that do not report a value for "̂ that is at least O(1) have mix-
ing mostly, if not exclusively, due to molecular diffusion. It has been shown that the back-
ground mixing in the ocean is of O(10) [39] and these simulations have been designed to 
be comparable to physically realistic flows. In other words, DNS runs where "̂ < O(1) may 
introduce non-physical data where the molecular diffusion is the same order of magnitude, 
or larger, than the turbulent diffusion. Run 22 is an example of a run that is near this thresh-
old and included here as an example. Some of the results in this plot show values for "̂ that 
would suggest limited amounts of mixing when compared to the data evaluated using ReB 
that suggest more significant levels of mixing, highlighting the fact that evaluation using 
ReB may give an impression of more elevated mixing than what is actually present. This 
further illustrates the importance of using multiple parameters and criteria for the evalu-
ation of mixing in DNS data. This theoretical framework based on ( Frt , Rot ) provides a 
useful diagnostic for classifying RST DNS for geophysical flow regimes and could also be 
applied to measured data if parameterizations to determine Frt from measurable quantities 
are used as proposed by Garanaik and Venayagamoorthy [15].

4.3  Irreversible mixing

Figure  4 presents the parameterization of Γ as function of Frt for the RST runs plotted 
together with the non-rotating DNS data presented in Garanaik and Venayagamoorthy 
[15]: sheared unstratified Shih et al [58], forced stratified [31] and unforced stratified runs 
[15]. The remarkable feature is that the scaling relationship between Γ and Frt presented 
in Garanaik and Venayagamoorthy [15] holds well despite the fact that f does not appear 
explicitly in Frt . An increase in the irreversible mixing efficiency for Frt ∼ 0.1 seen in 

Fig. 4  Irreversible mixing coefficient Γ defined in Eq. (1) as a function of turbulent Froude number Frt . The 
color bar at right indicates values of ReB . Diamond: decaying RST DNS; star: decaying stratified turbulence 
[15]; circle: forced DNS [31]; square: sheared DNS data [58]
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some studies is not observed here (e.g. [31]). While the presence of rotation may provide 
additional energy at scales comparable to and larger than the energy-containing scales in a 
stratified flow, it does not appear to have any discernible effect on the scaling of the diapy-
cnal (small-scale) irreversible mixing coefficient, at least at these Reynolds numbers. It can 
also be seen in Fig. 4 that the distribution of ReB covers six orders of magnitude and that, 
more importantly, ReB can vary by over an order of magnitude for any given value of Γ , 
reinforcing previous research showing the ambiguity of ReB . As previously noted in Gara-
naik and Venayagamoorthy [15] it is clear that a unique scaling of Γ with ReB is not pos-
sible. These results extend the observations presented in Garanaik and Venayagamoorthy 
[15] to data that includes the influence of rotation. While the present analysis focuses on 
the inclusion of f into evaluation of the mixing coefficient Fig. 4 shows the same Γ scaling 
for sheared, forced, unforced and rotating in DNS data. This figure shows that all of these 
conditions do not appear to influence irreversible mixing when taken individually.

Finally, Fig. 5 presents the parameterization of Γ as a function of the second dynamic 
turbulent parameter investigated here, Rot , with coloring of data points depending on Frt . 
Data in this figure further emphasize that rotation does not have a strong influence on the 
irreversible mixing, as there is no clear scaling between Rot and Γ . Indeed, Γ is seen to be 
roughly constant, except when both the turbulent Rossby and Froude numbers are larger 
than unity. Additionally, there are no clear groupings of simulations of similar magnitude 
in Rot solely based on the magnitude of Frt.

5  Concluding remarks

This paper analyzes scaling properties of homogeneous, decaying and rotating stratified 
turbulent mixing through the irreversible mixing parameter Γ . A new parametric frame-
work using Frt and Rot is used to show how the relative magnitudes of rotation and strati-
fication present in geophysical flow regimes of the Earth’s ocean and atmosphere affect 
flow statistics. DNS data is plotted within this framework using ReB , and more impor-
tantly "̂ as diagnostics of the degree of irreversible turbulent mixing. The diffusivity ratio 
"̂ in the simulations is realistic for observed physical values and is suggested as a more 
robust parameter than ReB for evaluating the degree of mixing in DNS by illustrating the 

Fig. 5  Irreversible mixing coefficient Γ as a function of turbulent Rossby number Rot for simulations pre-
sented in this manuscript that included rotation. The color bar at right indicates values of Frt
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degree of separation between the turbulent and molecular scales. Variations in ReB and "̂ 
for any given value of N/f clearly show that N/f does not have any unique relationship to 
the amount of diapycnal mixing in stable decaying RST. Significant variations in the mag-
nitude of both Frt and Rot for any given N/f are also observed, supporting this conclusion. 
RST data from this study plotted with non-rotating but stratified DNS data show remark-
able agreement in the scaling relationship between the irreversible mixing coefficient and 
the turbulent Froude number.

Rotation has been clearly observed to influence the large-scale flow structures that 
develop in some geophysical flows and simulations. The inclusion of rotation may also 
influence kinetic and potential dissipation rates individually. However, rotation does not 
appear to have a direct influence on their ratio, the irreversible mixing efficiency parameter 
in the absence of forcing. Additionally, it is clear from this analysis that existing param-
eterizations between the irreversible mixing coefficient Γ and the turbulent Froude number 
Frt are applicable to unforced rotating stratified turbulence.
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